INTRODUCTION
The apphcation of the SV method to e-molecule collisions and molecular photoionization has been reviewed previously. 9-12 The present chapter discusses the implementation of the SV method as applied to e-molecule coUisions. Since this is not a review of cross section data, cross sections are presented only to serve as illustrative examples.
In the SV method, the correct boundary condition is automatically incorporated through the use of the Green's function. Thus SV calculations can employ basis functions with arbitrary boundary condition. This feature enables the use of an L 2 basis for scattering calculations, and provided the initial motivation for applying the SV method to atomic and molecular physics)°. 13 The initial success led to the development of the iterative Schwinger method 14 which uses single-center expansion techniques and also an iterative procedure to improve the initial basis set. The iterative Schwinger method has been used extensively to study molecular photoionization, is For e-molecule collisions, it is used at the static-exchange level to study elastic scattering is and coupled with the distorted wave approximation to study electronically inelastic scattering. 17
functions are used for the L s basis and plane waves for the incoming electron, all twoelectron repulsion integrals are calculated analytically. It is also a multichannel method and readily treats electronic inelastic scattering as well as polarization effects in elastic scattering.
In addition, integrals involving the Green's function, generally considered the bottleneck in the SV method, can now be computed efficiently and accurately using the insertion method, s°Alternatively, highly parallel computing can be effectively employed in the numerical integration over the final three-dimensions for this type of integrals, n The SMC method has been found to be robust, and has been employed to study molecules of various sizes and with different bonding types. For example, it has been used to study the electronic excitation of [1, 1, 1] propellane by electron impact, sl the largest polyatomic molecule studied so far by ab initio methods. It has also been used to study electron scattering from the ground state of BeCO, a molecule with a weak van der Waals bond, to simulate scattering from an adsorbate in a physisorbed system, s" Since the SMC method is the most commonly used SV treatment for emolecule scattering, the main topic of this chapter will deal with its implementation.
Both the SMC and iterative Schwinger methods calculate fixed-nuclei, body-frame T-matrices.
Domcke s3 has demonstrated that nuclear dynamics in e-molecule collisions can be treated efficiently using projection operator formalism and Green's function approach. Results of the fixed-nuclei SMC calculation can be coupled directly with Domcke's treatment of nuclear dynamics.
As an example, we present a calculation of vibrational excitations of Ns by electron impact which combines these two treatments.
THE LIPPMANN-SCHWINGER EQUATION AND THE SCHWINGER VARIATIONAL PRINCIPLE
In the integral equation approach, we look for solutions of the Lippmann-Schwinger 
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The use of N + 1 to label the continuum electron is completely arbitrary. Also, HM is the molecular Hamiltonian with eigenfunctions g),,,, HM+., = E,,+_. 
the Transition matrix, or T-matrix, of a scattering process can be written as
Tmn --(StalElY(. +)) --(_(_-)lvls.) = (¢(_-)lV -va(+)vl_(_+)).
It is readily seen that a combination of the above expressions T,_, = <S,_IVI_(+)> + <_(_-)lVlS.> -(_(_-)lV -VG(+)VI¢(,,+)).
results in a T-matrix that is stationary with respect to first-order variations in @(+) and ko(-), respectively.
6Tin. = (S,_IVI_(. ÷) + _)) + (_(_-)iVIS.) -(_(_-)lV -VG(+)VIV_÷) + 6'_(,, ÷)) -T.,n =0, 1/ We choose to use a homogeneous solution which is the product of the target wave function and the free-particle wave function of the continuum electron, without antisymmetrization between the two. As pointed out in Ref. 24, it is not necessary to antisymmetrize both the initiM and final wave functions exphcitly. If _(+) is antisymmetric, then the T-matrix element will automatically pick up the antisymmetric part of S. This convention is used here so that the same S will also apply to the SMC equation discussed in Sec. and /_T,_. = (s.,IVl_<.+)) + <¢,_-> + _¢'_-)tVlS.) -<¢,_->+ 6q,_-)lv -vGI+)vI@¢.+))-T,.,.
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Equation
(11) is referred to as the linear form of the Schwinger variational principle.
In most e-molecule calculations, it is common practice to expand _(+) and _(-) in terms of a set of antisymmetrized N + 1-electron trial functions f,
and ff2(-) = y_ c,(km)fo.
Eq. (11) gives Tin,, = y]_b,(S.,lVJf, This result is inferior to the SV expression.
Using the third relation in Eq. (10), Too = (_I'(-)]U -ua(+)Ul¢(+)), Too deviates even further from the variationally stable result, Too = (jo(kr)lUIJo(kr)) -(jo(kr)lUG(+)UIjo(kr)).
Now the second Born term is subtracted from, instead of added to, the first Born term.
The above exercise clearly illustrates the power of the variational method. Here a and fl denote spin functions and A the antisymmetrizer.
THE SCHWINGER
If the wave function of the continuum electron, gi(N + 1), is orthogonal to all the target orbitals, then the S,= 1/2 component of _i becomes _2i(1,2,..., N, N + 1) = A {¢la(1)¢lfl(2)... eN/2fl(N)g_a(N + 1)}.
We have
P_i (1,2,. ,N,N+I)-1 @i(1,2,...,N)ola(N+l), 
It is well established that in calculating this transition, terms of the form
and
should be included in the expansion of the wave function.
These are usually called 'penetration' or 'recorrelation terms' because they relax the enforced orthogonality between the continuum and target functions. Let the projection operator P be generated from the four target functions above. We then have 1 P_. : _b,&=](1,2)l(r_(3)-1 _@b,s.=0 (1, 2)ler.c_ (3) .
This simple example illustrates how the operation of P depends on the type of functions used.
The SMC Equation
The projected LS equation is
The projectec Green's function, 
Equation (27) describes only the open channel functions, whereas a complete description of _(_+) also requires the closed channel component.
To do this, we use the following identity aP + (1 -aP) = 1.
(28)
Note that in association with the operation of P, a parameter a, called the projection parameter, is introduced. It is seen from Eqs. (20) and (25) that the operation of P not only removes the antisymmetrization between the target function and continuum orbital, but also generates a constant which multiplies the resulting function. Thus the introduction of a is a logical step. The determination of a will be discussed after the SMC equation is derived.
The closed channel contribution is described by the projected SchrSdinger equation,
with and Note that
Equation (29) can be rewritten as 
with A (+) the SMC operator, 
but with In this case, they showed that if the projection parameter is chosen to be T_. = <SmlVl_(.+))+ <_(_-)IVIS.) -<_(_-)IVP-Va(;)V]_)).
While the above expression is not variationally stable, they found that stability can be achieved by adding to the projected LS equation a term Q/-/. We first expand T(km, k.) in terms of partial waves of (_,.,
T(km,k.)
= __Tl_,(k,_,k,_,_o.,O,_)Yl_,(Sm,_o,_).
The body-frame partial wave T-matrix is determined by
Next the body-frame partial wave T-matrix is transformed to a laboratory-frame with the new Z-axis in the direction of k,_. The Euler angles for the frame transformation is (0, 0_, _'_1.
TL (O,_o,O,,_o,,) = _ Tt_,(k,,,k,_,_o,,,O,_)Y_,(8,,,_o,,,)D,,.(O,O,,,_o,_) . 
Evaluation of the Green's Function Matrix Elements
The with Um,,(k) = f dk(qt(-)lVlO, elkrN+l)(e ikru+' _I'tlVIq/(_+)),
a 2 Due to the integration over e and 1_, MR is much more difficult to Here e = _k . compute. Its efficient and accurate calculation is an important factor in the development of a practical SMC method. Two approaches to computing this integral are described below. To demonstrate the convergence of the numerical quadrature scheme, we calculated the elastic scattering of CO in the static-exchange approximation, using an SCF target at the experimental equihbrium geometry. A Gaussian basis, with 5s3pld contracted functions at each nuclear center, represented the continuum electron. The SMC calculation included up to lma= = 6. Born closure was not included since our purpose was to demonstrate the convergence of the VG(p+)V quadrature, and the introduction of a constant correction term from the Born closure would not affect our conclusions.
Also, all calculations used the Gauss-Legendre quadrature. Figure 6 presents the partial integral cross section for e-CO elastic scattering. A (20x20) quadrature was used for the angular integration and a 20-point quadrature for the second region _ integral. Three different quadratures were used for the first c region, 20, 32, and 48 points. The three cross section curves virtually coalesce, indicating a well converged result. The cross section is much more sensitive to the quadrature used in the second c integration. Figure 7 shows the cross sections obtained using 20, 32, and 48 quadrature points for the second region integration and keeping the other quadratures constant.
Note that the peak of the cross section curve at _ 3.5 eV, arising from the 2H shape resonance in CO, is shifted to a lower energy when a larger quadrature is used. Also, the 32-and 48-point calculations have similar resonance positions, but the cross sections themselves differ by _ 10% at the peak.
Sensitivity to the angular quadrature was also studied. Figure  8 The quadrature size for the second region (-integration is: circle, 20 points, square, 32 points, and triangle, 48 points. Figure  8 . Same as Fig.6. A 20-point Figure  9 . Partial integral cross section (lmoz=6) for e-CO elastic scattering in the static-exchange approximation.
Square, calculated using a direct numerical integration, and circle, calculated with the insertion technique. The numerical integration uses a (32x32) angular quadrature, 20-point for the first integration, and 48-point for the second. The insertion basis is described in the text. Based on this analysis, an SMC calculation is expected to perform differently from other methods when a multiconfiguration target is used. Figure 10 presents an SMC study of the =Eg+ channel elastic scattering of H2, using the static-exchange approximation. The calculation was carried out at R = 4.0 ao, using a Gaussian basis of 6s6p at H and 4s4p at the center of mass, The CI coefficients of the two-configuration target function are 0.8785 and -0.4778. As seen in Fig. 10 The results of this calculation compared well with experiment, and the comparison will not be repeated.
While
Here we consider an example of applying our result to an experimentally inaccessible region. In very high temperature plasmas, as in the flow field of a high-speed space vehicle upon entry to the earth's atmosphere, molecules are very hot ro-vibrationally and it is difficult to duphcate such conditions in the laboratory. Figure   11 presents the v = 0 --* 1 and v = 3 _ 4 vibrational excitation cross sections of N2 by electron impact. While many experimental measurements on transitions from v = 0 have been done, there has been only one reported measurement with the initial state at the v = 1 level, as Due to the difficulties involved in preparing a significant quantity of N2 at the v = 3 level, no measurement has been reported for excitations from this level and theoretical data is the only available source for these cross sections. It is seen from 
SUMMARY
The SMC method, a modified version of the SV method, has proven to be a ver- 
